In this paper, we provide the geometric formulation to the twocomponent Camassa-Holm equation (2-mCHE). We also study the relation between the 2-mCHE and the M-CV equation. We have shown that these equations arise from the invariant space curve flows in three-dimensional Euclidean geometry. Using this approach we have established the geometrical equivalence between the 2-mCHE and the M-CV equation. The gauge equivalence between these equations is also considered.
Introduction
In recent years there has been a growing interest in integrable equations of the form u t − u xxt − f (u, u x , u xx , u xxx , ...) = 0,
where u(x, t) is a real function and f (u, u x , u xx , u xxx , ...) is some function of its arguments. This equation admits some integrable reductions: the celebrated Camassa-Holm equation (CHE), the Degasperis-Procesi equation (DPE), the Novikov equation (NE) and so on. As integrable equations, all these Camassa-Holm type equations possess infinite number conservation laws, bi-Hamiltonian structures, Lax representations, peakon solutions and other fundamental attributes of integrable nonlinear differential equations.
Here we list some examples of the Camassa-Holm type equations.
The CHE
The CHE has the form [1]
The modified CH equation
The modified CHE reads as [1] 
The Degasperis-Procesi equation
The Degasperis-Procesi equation looks like [1] q t + uq x + 3u x q = 0, (6) q − u + u xx = 0.
The Novikov equation
The Novikov equation has the form [3] 
1.5 The Hunter-Saxton equation
The Hunter-Saxton equation reads as
Kaup-Boussinesq equation
The Kaup-Boussinesq equation is given by [2] 
Zakharov-Ito equation
The Zakharov-Ito equation can be rewritten as [2] 
b-family equations
There is the b-family equations of the form [48] 
with b = 2 and b = 3, respectively. The b-family equation can be written in the form [49] (
Introducing the new function as p = q 1/b , this implies we can define new coordinates y, τ via
The aim of this paper is to provide geometric formulations to the M-CV equation and to study its relation with the 2-component modified CHE (2-mCHE). We shall show that these equations arise from the invariant space curve flows in three-dimensional Euclidean geometry.
The paper is organized as follows. In section 2, we present the M-CV equation and its Lax representation (LR). In section 3, the relation between the motion of space curves and the M-CV equation is considered. Using this relation we proved that the Lakshmanan (geometrical) equivalent counterpart of the M-CV equation is the 2-mCHE. Some basic facts of the 2-mCHE is presented in Section 4. The gauge equivalence between the M-CV equation and the 2-mCHE is considered in Section 5. Section 6 is devoted to our concluding comments and remarks.
M-CV equation
One of examples of the peakon spin systems is the following M-CV equation
where β = const and
The LR of the M-CV equation reads as
where
3 Integrable motion of space curves induced by the M-CV equation
In this section, we study the motion of space curves induced by the M-CV equation. Consider a smooth space curve γ(x, t) :
, where x is the arc length of the curve at each time t. The corresponding unit tangent vector e 1 , principal normal vector e 2 and binormal vector e 3 are given by e 1 = γ x , e 2 = 
Here
where τ , κ 1 , κ 2 are torsion, geodesic curvature and normal curvature of the curve, respectively; ω j are some real functions. The compatibility condition of the equations (29) reads as
or in elements
We now identify the spin vector A with the tangent vector e 1 that is we assume
Let take place the following expressions
where q = −0.5(κ 2 − iτ ) and r = 0.5(κ 2 + iτ ) are some functions, ζ = const. Then we have
Eqs. (32)- (34) give us the following equations for q, u:
It is the 2-mCHE. So, we have proved that the Lakshmanan (geometrical) equivalent counterpart of the M-CV equation is the 2-mCHE.
Two-component modified CHE
The two-component modified CHE (2-mCHE) has the form
This LR can be rewritten as
where φ is already the scalar function. Note that if v = u, then the 2-mCHE reduces to the mCHE (4)-(5).
Gauge equivalence between the M-CV equation and the 2-mCHE
Above, we have shown that the M-CV equation and the 2-mCHE are the geometrical (Lakshmanan) equivalent each to other. Lastly we note that these equations are also gauge equivalent each to other. It was shown in [47] that in this case Ψ = GΦ.
Conclusions
In this work, we have studied the relation between the M-CV equation (21) and the 2-mCHE (44)- (47) . In particular, we have established that the Lakshmanan (geometrical) equivalence between the M-CV equation (21) and the 2-mCHE (44)- (47) . Also we have noted that between these equations takes place the gauge equivalence. Finally we note that the above presented our results are significant for the deep understand the geometrical nature of integrable equations [4] - [46] , in particular, integrable peakon systems.
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